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Chapter 1 



Introduction 

In this paper we consider Lie superalgebras decomposable as the sum of two 
proper subalgebras. Any of these algebras has the form of the vector space sum 
L = A + B where A and B are proper simple subalgebras which need not be 
ideals of L, and the sum need not be direct. 

The main result of this paper is the following 

Theorem 1.0.1 Let S = osp(m, 2n) be a Lie superalgebra such that S = K + L 
where K , L are two proper basic simple subalgebras. Then m is even, m = 2k 
and K = osp(2k — 1, 2n), L = sl(k, n). 

In this paper all suablebras are ^-graded. 

1.1 Decompositions of osp(m,2n) as the sum of 
basic Lie subalgebras 

1.1.1 Preliminaries 

We use the following technical Lemmas: 

Lemma 1.1.1 Let L = sl(m, n), L = Lq © L\ where L n is an even part of L, 
Li is an odd part of L. Then the following properties hold: 

3 
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(a) Lq — Ii © I2 ® U, where I\ = sl(m), I2 — sl(n) and U is either one 
dimensional Lie algebra if m — n or zero element. 

(b) Lo-module L\ is a direct sum of two irreducible La-modules of the dimen- 
sion ran with highest weights (A, fi) and (fj,,X), where A = (1,0, ...,0) and 



(c) [Li,Li] = L 

(d) [h,L>x] = L\ and [h,L-\\ = L\ 

(e) Ii-module L\ is a direct sum of 2n irreducible I\-modules of dimension m 
and Ii-module L\ is a direct sum of 2m irreducible Ii-modules of dimension n. 

Lemma 1.1.2 Let L = osp(m, 2n). Then 

(a) Lo = h © h, where h = o(m), I 2 = sp(2n) . 

(b) Lo-module L\ is a irreducible La-modules of dimension 2mn. 

(c) = L 

( d) [I\, L\] = L\ and [I2, L{\ = L\ 

(e) I\-module L\ is a direct sum of 2n irreducible I\-modules of dimension m 
and l2~module L\ is a direct sum of m irreducible 12-modules of dimension 2n. 

The proof of these Lemmas can be found in |IJ. 

The following two Lemmas give the decomposition of simple Lie algebra as 
the sum of simple subalgebras. They were found by Onishchik (see jSJ). These 
matrix forms can be found in P^. 

Lemma 1.1.3 Let o(2n) be decomposable into the sum of two subalgebras iso- 
morphic to o(2n— 1) and sl(n). Then there exists a basis of F 2n such that this 
decomposition takes the following matrix form: 



M= (0,...,0,1). 



S = N + M, 



(1) 



where S = o(2n) consists of the matrices: 
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where Ai 2 ,A 2 i are skew-symmetric matrices of order n and Au,A 2 2 are matri- 
ces of order n such that A22 = — A\ x . 

The first subalgebra N = o(2n — 1) consists of the matrices: 



( 






2/i 




Vn-l 





Xl 


• • • X n — i 


Xi 


A' 


-X 1 
%n— 1 


A' 





-2/1 









-XI 


• ■ • X n —l 


2/i 

2M-1 


A' 


-2/i 

-Vn-l 


A 1 



\ 



(3) 



/ 

where A' 12 ,A' 21 are skew-symmetric matrices of order n — 1 and A' ll7 A' 22 are 

matrices of order n — 1 such that A 22 = —A\ x . 

The second subalgebra M = sl(n) consists of the matrices: 



' A 1 








A 2 



where A\, A 2 are matrices of order n with zero trace such that A 2 — —A\. 

Lemma 1.1.4 Let o(4n) be decomposable into the sum of two subalgebras iso- 
morphic to o(4n — 1) and sp(2n). Then there exists a basis of F 4n such that 
this decomposition takes the following matrix form: 



S = N + M 



(4) 



where S = o(4n) consists of the matrices of the form (2) where An, A 12 , A 2 i, A 2 2 
are of the order 2n. 

The first subalgebra N = o(4n — 1) has the form (3), where A\,Bi,Ci,Di are 
of the order 2n — 1 . 

The second subalgebra M = sp(2n) consists of the matrices: 



Y 







_ Y t 
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where Y is the set of matrices 



( 



C 



A 



D 



D 



) 



where B, C are skew-symmetric matrices of order n and D = — A*. 

1.1.2 Description of L -modules and K -modules 

Let S = osp{m, 2n) be a Lie superalgebra such that S = K + L where K, L 
are two proper basic simple subalgebras. We consider S = osp{m, 2n) as the 
subalgebra of gl(m,2n). Then L C S is also a subalgebra of gl(m,2n) and 
Lq C gl(m) © gl(2n). Hence we have two natural representations p\ and pi of 
Lq in vector spaces V and W where V is a column vector space of dimension 
m, and W is a column vector space of dimension 2n. We will also consider V 
and W as io-module such that 



for any x <E L a , v e V, w <G W. 

Lo-modules V and W are completely reducible because Lq is a reductive Lie 
algebra. Let V = V\@ . . .@V r and W = Wi © . . . © Wd, where Vi,W,- are simple 
Lo-modules. 

Next we consider L -module V = V\ © . . . © V r . Let ii and I 2 be ideals of 
Lq. Next we define the following types of L - m °dulc Vi. 

1. i -niodule Vi is of type 1 if L -module Vi is trivial. 

2. Lo-module Vi is of type 2 if /2 acts trivially on Vi but ii(Vi) ^ {0}. In this 
case, we consider Vi as 7i -module. 

3. Lo-module Vi is of type 3 if ii acts trivially on Vi but hiYi) 7^ {0}- In this 
case, we consider Vi as 7 2 -module. 

4. Lo-modulc ^ is of type 4 if 7i(Vi) ^ {0} and 7 2 (^) 7^ {0} 



xv = pi(x){v) 



and 



xw = p 2 {x)(w) 



1.1. DECOMPOSITIONS OF OSP(M, 27V) AS THE SUM OF BASIC LIE SUBALGEBRAS 7 



Similarly Lo-module Wj can also be one of the following types: 

1. Lo-module Wj is of type 1 if Lo-module Wj is trivial. 

2. Lo-module Wj is of type 2 if h acts trivially on Wj but I\{Wj) ^ {0}. 

3. Lo-module Wj is of type 3 if I\ acts trivially on Wj but I 2 (Wj) ^ {0}. 

4. Lo-module Wj is of type 4 if Ji(Wj) ^ {0} and h{W 3 ) ^ {0} 

In a similar manner we define types of -Ko-modules. 

Now we look at the decomposition S = K + L. We consider S = osp(m, 2n) 
as a subalgebra of gl(m, 2n). Hence So = Kq + L C gl{m, 2n)o and Si = K\ + 
Li C glim, 2n)\. There exists an isomorphism between vector spaces gl(m, 2n)i 
and (V®W*)®(V*®W). We identify 5 /(m,2n)i with {V ®W*) ® {V* ®W). 
Hence L -module gl{m,2n)\ can be viewed as a direct sum of two L -modules 
V ® W* and <g> W such that 

ar(u © /) = pi(x){v) ®f + v(£ p* 2 (x){f) 

and 

x(g ®w) = p* 1 (x)(g) ®w + g® p 2 {x)(w), 

for any x £ L , v £ V, w £ W, g £ V*, f £ W* and p\, p 2 are dual representa- 
tions for pi, pi. 

Since V = Vi® ...®V r and W = W x ® . . . © W d where V u Wj are simple 
L -modules, we can express L -module V* © W as a direct sum of L -modules 

V* © W = 0(^* © Wj). 

i,3 

We denote a projection of V* © onto V^* © as mj. If dimWj = 
dimWjj then there exists an isomorphism : Wj H^. It extends 

to an isomorphism Pij„j 1 : V^* © Wj i— » V^* © . In this paper instead of 
the expression iTij (x) — \p i j a j 1 {'K i j 1 (x)) for any x £ Li we write 7Ty (Li) = 
Att^j (Li). 
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We choose a basis in T/ffiW from elements of subspaces Vi, i — 1 . . . r and Wj, 
j = 1 . . . d. Let us identify the elements form S and their matrix realizations 
in this basis. Let diml^ = and dimVTj = n;. Then we denote as e[ the 
natural isomorphism of Vi onto the column vector space F mi and e" the natural 
isomorphism of Wi onto the column vector space F n i . We extend e\ and e" 
to an isomorphism : V^* ® W} i— * F mi ® F nj . Let us define @y = SijTtij : 
f 1 " 1 * (gi 

1.1.3 Properties of subalgebras osp(p, 2q) and s/(s, /) in the 
decomposition 

Lemma 1.1.5 Let 5* = osp(m,2n) fee a Lie superalgebra, and S be decomposed 
into the sum of two proper simple subalgebras K and L of the type osp(p, 2q) 
and sl(s, I), respectively. Then m is even, m = 2k for some k,p = 2k—l, q = n 
and either s = k or I = k. 

Proof. By Lemma 2.2(a), So = o(m)(Bsp(2n). We define two projections 7Ti and 
7T2 of So into the ideals o(m) and sp{2n), tti : Sq — > o(m) and Hi : So — > sp(2n). 
Since K is isomorphic to osp{p,2q), K$ is isomorphic to o(p) © sp(2q). By 
Lemma 2.1(a), Lq is isomorphic to sl(s) © sl(l) © U . Since Kq and Lq are 
reductive subalgebras, the projections 7Ti(_Ko), ^i(Lq), ^(Kq) and tt2{Lq) are 
also reductive as homomorphic images of reductive algebras. 

Since S = K + L, So is decomposable into the sum of two subalgebras Kq 
and L , Sq = K + L . Therefore, 7Ti(S ) = %\{Kq) + ni(L ) and 7r 2 (So) = 
^(Kq) + 7T2(Lo), where 7Ti(6>o) = o(m) and ^(Sq) = sp(2n). We have the 
decompositions of simple Lie algebras o(m) and sp(2n) into the sum of two 
reductive subalgebras. 

By Onishchik's Theorem (see [B]), sp(2n) cannot be decomposed into the 
sum of two proper reductive subalgebras. Hence sp(2n) — ^(Kq) + ^(Lo) is a 
trivial decomposition and ^(Kq) = sp(2n). Since Kq = o{p) © sp(2q) , it follows 
that q = n. 
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By Onishchik's Theorem, o(m) has two decompositions into the sum of two 
proper reductive subalgebras: 

1. If to = 2k then o(2k) = o(2k - 1) + sl(k), 

2. If to = 4fc then o(4fc) = o(Ak - 1) + sp(2k). 

The decomposition o(to) = 7Ti (i^o)+ 7, 'i (A)) cannot be of the second type, be- 
cause 7Ti(Z/o) is not isomorphic to sp(2k). Moreover, this decomposition cannot 
be trivial, because tti(Kq) = o(to) and tt2{Kq) = sp(2n). Hence Ko coincides 
with So. This contradicts the fact that K is a proper subalgebra of S. 

Therefore o(to) = 7Ti(.Ko) + tti(Lq) is the decomposition of the first type and 
to = 2k, -jti(Ko) = o(2k — 1), 7Ti(L ) = sl(k). Since K a = o(p) sp(2q) and 
L = s^(s) sl(l) {/, it follows that p = 2k — 1, g = n and either s = fc or 
/ = fc. n 

Without any loss of generality, we assume that L = sl(k,l). 

Corollary 1.1.6 Lo-module V is a direct sum of two L^-modules of type 2, 
V = V\ @ Vi. Moreover I2 acts trivially on V, Ii-module V\ is standard, and 
Ii-module V2 is dual. 

Proof. From Lemma 2.5 in the decomposition o(2k) = -ki{Kq) + tti(Lo) the 
first component is isomorphic to o(2k — 1) and the second one is isomorphic 
to sl(k). By Lemma 2.3, there exist bases of V such that the decomposition 
o{2k) — o(2k — 1) + sl(k) takes the matrix form (1). Hence ni(L ) takes a form: 




where Y is a set of matrices of order k with a zero trace. Therefore we obtain 



that V = Vi® V2 and I2 acts trivially on V. Moreover, ii-module V\ is standard 



and ii-module V2 is dual. 



□ 
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1.1.4 Decompositions of osp(2k,2n) as the sum of 
osp(2k — l,2n) and sl(k,l) 

Lemma 1.1.7 Let S = K + L, where S = osp(2k,2n), K = osp(2k - l,2n), 
L = sl(k,l). 

(a) There is no jo £ {1 . . . d} such that for any i G {1, 2}, 7Tjj (Li) = 0. 

^ T/iere are no jo, ji € {1 . . .d} such that for some X e F, Qij (x) — Xg i j 1 (x) 

where x e L\, i e {1, 2}. 

Proof. By Corollary 2.6, V = V\ © V2 as simple Lo- m °dules. By Lemma 2.5, 
the decomposition 7Ti(So) = 7Ti(.Ko) + 7Ti(Lo) can be considered in the matrix 
form (1). 

Let ip is a automorphism of gl(2k), such that ^(X) = QXQ^ 1 , where 



where Ik is an unit matrix of order k. 

We extend <p to an automorphism <p of gl(2k, 2n) by the following formula: 



h 


h 


ih 


-ih / 



<p{Y) = orO" 1 



(5) 



where 



A 


B 


C 


D 


Q 








^2n 



y 



Q = 



Therefore we can obtain a new decomposition <p(S) = <p(K) + <f(L). Let 
S' = <p(S), K' = <p{K) and V = <p(L). 

First we consider K 1 . Since K — (p{K ) and n(Ko) have the form (3), the 
formula (5) gives us the following matrix form of K : 



(6) 



A 








D 
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where A is a set of skewsymmetric matrices with the first column and row zero. 
Next we want to show that K[ has the form 



(7) 



where the first column of C is zero. 

Let h ^ o{2k - 1), I 2 = sp{2n) be ideals of K' Q . By Lemma 2.2(d), K[ = 
\Ii,K'^\. Notice that I\ has a form (6) where D = 0. Hence [7i,Jf(] takes the 
form 






B 


c 









AB 


-CA 






Since the first column of A is zero, the first column of CA is zero. On the 
other hand coincides with K[. Hence we have proved that K[ has a 

form (7) where the first column of C is zero. 

Next we consider S'. Let 7r be a projection of (V <g> W*) ® {V* <g> W) (or 
equivalently gl(2k,2n)i) onto V* <g> W. Since S[ is S'g-modulc, n(S[) is also 
Sg-module. We are going to prove that 7r(S' 1 ) coincides with V* ® W. 

First, S'g-module n(S' 1 ) is not zero. Indeed, if n(S' 1 ) — {0} than S[ has the 
following matrix form: 




Hence [S[, S[] = {0}. This contradicts the fact that, by Lemma 2.2(c), [S[, S[] = 
+ {0}. 

By Lemma 2.2(b), S'g-module S[ is irreducible. Therefore S'Q-module S[ is 
isomorphic to ^-module 7r(S^) CP® W. Since dimension of S[ is 4fcn, it 
follows that dimension of ir{S[) is also Akn. On the other hand, dim(V™ ® W) = 
(dim y)(dim W) = Akn. Hence ir(S[) coincides with V* ® W. This implies that 
S" has the form (7), where C is an arbitrary matrix of order 2n x 2k. 

Finally we consider L' = (p{L). Let us assume the contrary, that is, there 
are A € F and j , j x e {1 . . . d}, ji ^ j 2 , such that £>y (Li) = A^^ (L x ) for any 
x E Li, i E {1, 2}. The matrix realization of ii has the following form: 
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f / 







Mn M 2 i 



k \ Mi d M 2d 



\ 1 







/ J 



where My = XM i j 1 for any i £ {1,2}. 

Using the formula (5), we obtain that L[ has the following form: 



r / 








M11 


M^ 











M 'id 


M 2d 





/ J 

where M[- = M^Q^ 1 . Hence M' ijo = XM- h for any i £ {1,2}. On the other 
hand, S' = K' + V and ir(S') = ir(K') + ir(L'). Since the first columns of 
matrices from ir(S') arc arbitrary vectors from F 2n and the first columns of 
matrices from ir(K') are zero, it follows that the first columns of matrices from 
tt(L') are arbitrary vectors from F 2n . This contradicts the fact that M{ - = 
XM[ h . n 



Lemma 1.1.8 Let S = K + L where S = osp(2k,2n), K S osp(2k - l,2n), 
L = s/(fc, /). T/ien L -module Wj , jo £ {1 • • ■ rf} is neither of the type 1 no type 
2. 



Proof. 

We fix a basis in V © W of elements of subspaces Vi, i = 1,2 and Vt 7 ^ , 
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j = 1 . . . d. In this basis L takes a form 



Y 






> 


o -y* 















> 







z d ) 


> 



(8) 



where Zj is a matrix realization of £ -module Wj 

Let us assume the contrary, L -module Wj is either of the type 1 or type 2 
for some jo- Hence I 2 acts trivially on Wj . By Corollary 2.6, I2 acts trivially 
on V. Therefore I2 has the form (8) where Zj = 0, Y = 0. Let £1 have the 
form: 



17 







Mh M21 



Then [72, £1] has the form: 

r / 





\ 1 







> . 



Mji 



J J 



\ 1 







/ J 



Zj Mij 



M ijo = 0. On the other 



where M/ Jo , i G {1, 2} are zero since M-j g 
hand, by Lemma 2.1(d), [/2,-ki] = L\. By Lemma 2.7, it contradict the fact 
that, there exists iq e {1,2} such that M ioJO is not zero. rj 



In this paper we will employ the following construction. Let L- module V(X) 
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and L'-module V(/i) are two irreducible modules. Then one can define L L'- 
module V(A) ® V(p) in the natural way 

(X,Y)(v®w) = X(v)®w + v®Y{w), (9) 

The following theorem (see 0) holds: 

Lemma 1.1.9 If L -module V{\) and L' -module V(p) are two irreducible mod- 
ules then L L' -module V(X) (g> V(p) is also irreducible with a highest weight 
(A, AO- 
Lemma 1.1.10 Let S = K + L where S = osp(2k, 2n), K = osp{2k - 1, 2n), 
L = sl(k,l). If Lq -module Wj , jo G {1 . . .d} is of the type 3 then I^-module 
Wj is either standard or dual. 

Proof. By Lemma 2.7(a), there exists i$ such that iri j (Li) ^ 0. We consider 
Lo~module V* o ® Wj . Since ii-module Vi and Lj-module Wj are irreducible, 
by Lemma 2.9, Lo-module V* Q (8 Wj is also irreducible. Therefore Lo-module 
Wi j (Li) coincides with Vi (g> Wj . By Lemma 2.1(b), Lo-module L\ is a direct 
sum of two irreducible Lo-submodules of dimensions kl each. Since TTi j (Li) 
is irreducible Lo-module, it follows that dimension of 7Ti j (Li) is equal to kl 
because. On the other hand, we have 

(dim^XdimWJ = dim(^* <8 W jo ) = dimTr^Lx) = kl. 

Since Vi is a nontrivial sZ(fc)-module and Wj is a nontrivial s^(Z)-module 
it follows that dim Vi > k and dim Wj > /. Therefore dim Vi = k and dim 
Wj = I. Hence Wj is either standard or dual. rj 

In the following Lemma Lo = I\ ® I2 where I±, I2 are ideals of Lo- 

Lemma 1.1.11 Let U be an irreducible Lo-module such that Ii(U) 7^ and 
I2{U) 7^ 0. Then there exist U , U" C U such that U' is an irreducible I\- 
module and U" is an irreducible ^-module. Moreover, U isomorphic to U' ®U" 
as Lo-module. 
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Proof. 

Let A = (A', A") be the highest weight of L -module U where A' and A" 
correspond to I\ and I 2 . Next we can take I\ -module U\ and 7 2 -module U 2 
with the highest weights A' and A", respectively. We define I\ © ^-module 
U\ ® U 2 as was shown above (see (9)). By Lemma 2.9, I\ 7 2 -module U\ <£> U 2 
is irreducible with the highest weight (A', A") = A. Therefore I\ 7 2 -modules 
U\ ® U 2 and U are isomorphic. Let ip be a isomorphism between U\ ® U 2 and 
U. Next we choose u\ e U\ and u 2 € J7 2 . By formula (9), £/i <g> w 2 is ii-module 
and ui (g> £/ 2 is J 2 -modulc. Moreover, U\ <g> u 2 isomorphic to U\ as ii-module 
and Mi ® C/ 2 isomorphic to [/ 2 as 7 2 -module. We define U' — ip(Ui ® w 2 ) and 
£/" = V(«i ® U 2 ). Since f7i = [/' as ii-module and U 2 = U" as J 2 -module, it 
follows that U\®U 2 = U' ® U" as Ii ^-module. Therefore C/ isomorphic to 
U' ® {/" as L -module. rj 

Lemma 1.1.12 Let S = K + L where S ^ osp(2k, 2n), K = osp(2k - 1, 2n), 
L = s^(/c, I). Then for any jo £ {1 . . . d}, L a -module Wj g is not of the type 4 ■ 

Proof. 

Let us assume the contrary, that is, there exist jo such that L - m °dule 
Wj is of the type 4. By Lemma 2.11, there exist subspaces Wj o C Wj and 
W" C Hj- such that Wj is irreducible Ii-module, W^" is irreducible ^-module 
and W jo = Wj o <g> Wj^ as h 7 2 -modules. 

First we show that dim Wj Q — k and dim W" — I. Since Wj Q is an irreducible 
sZ(fc)-module and W" is an irreducible s^)-module, it follows that dim W' Q > fc 
and dimW^" > I, respectively. Without any loss of generality, we assume that 
dim W' jo > k. Therefore 2n = dimW > dimW jo = dimW^dirnW - ^ > kl. 
Since dim Si < dimi^i + dimLi, it follows that dimLi > dim Si — dim if 1 = 
2(2fc)(2n) - 2(2fc - l)(2n) = An. On the other hand, dimLi = 2fcL Hence 
2kl > An. This contradicts the fact that 2n > kl. Therefore dim 14^ = fc, 
dimW^ = I and W = W jo . If we denote W' J() and Wj' as W and W", then 
W s W ® W". 

Let us fix the following basis for W: {e- ® e"}, where {e-} is a basis of 
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W and {e"} is a basis of W" . If we consider W as ii-module then it can be 
expressed as the direct sum of /i-modules W ® e'l: 



W = (W'(g> e'l) ®...®{W ® e'l). 



(10) 



Let us prove that the projection 7r of L\ onto V* ® W is not zero. Indeed, 
if 7r(Xi) = {0} then Li has the following matrix form: 



Hence = {0}. This contradicts the fact that, by Lemma 2.1(c), 

[Li,ii] = Lo 7^ {0}. Hence 7r(£i) ^ {0}. Therefore there exists io £ {1,2} 
such that the projection of L\ onto V* Q W is not zero. Let us consider V* £g> W 
as Ii-module. From (10) we obtain that 



where V* Q ® (W ® e^') are also Ii-modules. The projection of L\ onto V^* ® 
(W ® e' fe ') is not zero for some fco since the projection of Li onto V* ® W is not 
zero. 

We consider 7i -module V^* (W <g> e' fe ' ). By Corollary 2.6, ii-module V io is 
either standard or dual. Since dim W — k, it follows that /i-module W is also 
either standard or dual. Next we apply Young tableaux technique (sec 3 ) to 
find irreducible submodules of /i-module (V^* ® W) ® e'l g . 

Let g be either a standard or duel representation and g' be also either a 
standard or duel representation of sl(k). Then the tensor product g® g 1 is also 
a representation of sl(k) and, by Young tableaux technique, it can only contain 
irreducible subrepresentations with highest weights (2, 0, . . . , 0), (0, 1,0,..., 0), 
(1,0,..., 0, 1) or a trivial representation. 

Since /i-modules Vi and W are either standard or dual, we obtain that I\- 
module (V* eg) W') Cg> e'l can only contain irreducible submodules with highest 
weights listed above. On the other hand, by Lemma 2.1(e) ii-module L\ has 
only standard irreducible submodules of dimension k. Contradiction. 




K ® W = (K ® (W ® e'l)) 8 . . . ffi (V* ® (W e^)) 



□ 
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Lemma 1.1.13 Let S = K + L where S = osp(2k, 2n), K = osp(2k — 1, 2n), 
L = sl(k,l). Then for any pairwise different j\,j2 € {1 . . .d}, L -module Wj 1 
is not isomorphic to L -module Wj 2 . 

Proof. 

Let us assume the contrary, that is, L -modules Wj 1 and Wj 2 are isomorphic. 

By Lemmas 2.8 and 2.12, any L -module Wj 1 is of the type 3. Moreover, by 
Lemma 2.10, L -module Wj 1 is cither standard or dual. 

Without any loss of generality, we only consider the case than L -module 
Wj 1 is standard. Hence Lo-module Wj 2 is also standard. By Corollary 2.6, 
Lo-module V\ is standard and Lo-module V2 is dual. Therefore we obtain two 
cases: 

1. L -modulcs V{ ® Wj 1 and Vf* ® Wj 2 have the same highest weight (pL, A), 
where /x = (0, . . . , 0, 1) and A = (1, 0, ... , 0) 

2. L -modules V 2 * ® Wj ± and V£ ® Wj 2 have the same highest weight (A, A), 
where A = (1, 0, . . . , 0) 

By Lemma 2.1(b), Lo-module L\ is a direct product of two irreducible sub- 
modules with highest weights (/U, A) and (A, /j,) respectively. Hence the projec- 
tions of L\ onto y 2 * ® Wj 1 and V£ ® Wj 2 are zero since L -module L\ contains 
no submodules with the highest weights (A, A). 

Next, Lo-module V{®Wj 1 and L -module V^®Wj 2 are irreducible and have 
the same highest weights. Hence they are isomorphic as L -modules. Therefore 
Qiji {V* ® W) and Qij 2 (V* <g> W) are also isomorphic as L -modulcs. By Schur's 
Lemma the only endomorphisms between these L -modules are scalars. However 
this contradicts to Lemma 2.7(b). rj 

Theorem 1.1.14 Let S = osp(m, 2n) be decomposed into the sum of two proper 
simple subalgebras K and L of the type osp(p, 2q) and sl(s, I), respectively. Then 
m is even, m — 2k and K = osp(2k — 1, 2n), L = sl(k, n). 

Proof. By Lemma 2.5, m = 2k and K = osp(2k - 1, 2n), L ^ s l(k, I). We only 
have to prove that I = n. Let us consider L -modules W — W\ © . . . © By 
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Lemmas 2.8 and 2.12, for any j e {1 . . .d} L - m °dule Wj is not of the type 
1, 2 and 4. Hence any L -modulc Wj is of the type 3. Moreover, by Lemma 
2.10, J 2 -module Wj has dimension I. Since 772(^2) 7^ 0, ^2(^2) C sp(2n) and 
J2 — sl(l), it follows that Z < 2n. Hence dimH^- = I < 2n = dimW. Therefore 
W contains at least two L - m °dules W\ and W 2 of type 3. 

Next we show that d — 2. Let us assume the contrary. There exists L - 
modules W3. Since L - m odulcs W3 is of the type 3, it follows that L -module 
W3 is either standard or dual. By Lemma 2.13, _L - m °dules W\ and W2 are not 
isomorphic. Therefore L -module W3 is isomorphic to either L - m °dules W\ or 
i -modules However, this contradicts Lemma 2.13. Since d = 2 it follows 
that I = dim W\ = dim W/2 = n. Therefore L = sl(k, n). rj 

Example 1 We consider Lie superalgebra S = osp(2k, 2n) in the standard ma- 
trix realization: 



A 


B 


C 


D 



where A e gl(2k) and D e gl(2n) and A 1 
given by 

G 



-A, D l G = -GD, C = GB l , G is 



r / 





( 


In 


= 1 


v - 


■In 





osp(2k 


-l,2n) 




























X 














\ 1 



/J 



where X is any (2k + 2n — 1) x (2k + 2n — 1) orthosymplectic matrices. 
The second subalgebra L = sl(k,n) consists of all matrices of the form: 



( ( 



E 


-F 


P 


Q* 


F 


E 


iP 


-iQ x 


Q 


-%Q 


D 





_ p t 


~iP l 





-D 1 



\ 1 



(11) 



/ J 
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where E is a skew symmetric matrix of order k, F is a symmetric matrix of 
order k, P is a matrix of order k x n, Q is a matrix of order n x k and D is a 
matrix of order n with zero trace. 

Then S = K + L is a decomposition of a simple Lie superalgebra onto the 
sum of two simple subalgebras. 

Proof. 

First we prove that the set of matrices (11) forms sl(k,n). The standard 
matrix realization of sl(k,n) has the form: 



X 


p 


Q 





where X is a matrix of order k with zero trace, P is a matrix of order k x n, 
Q is a matrix of order n x fc, Y is a matrix of order n with zero trace. Then 
sl(k,n) also has the following matrix realization: 



-X 1 




_pt 


_yt 



Therefore we consider L' = sl(k, n) in the form: 

r / 



X 





p 


o ) 


> 





-X 1 





Q* 


> 


Q 





Y 










-p* 





-y* j 


> 



I V 

Let <p be an automorphism of gl(2k, 2n) of the form (5). The direct calcula- 
tion gives us that <p(L') has the form (11) where E = A — A 1 , F = i(A + A 1 ). 
Therefore the set of matrices of the form (11) forms sl(k,n). 

Next we prove that the sum of two vector spaces K and L coincides with S. 

Let 

B = 



fill 


B\2 


B21 


B22 



Then 



C = GB l = 



B \ 2 


B 22 


-B\, 


-B\\ 
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We set B u = P and B 12 = Q*. Then B{ 2 = Q and -B l xl = -P*. Since P and 
Q are arbitrary matrices of order k x n and n x k, respectively, it follows that 
the first raw and column of matrices from L coincides with the first raw and 
column of matrices from S. n 



1.1.5 Decompositions of osp(2k,2n) as the sum of sl(p,q) 
and sl(s, I) 

In this section we consider the decomposition of osp(m, 2n) into the sum of two 
proper simple subalgebras K = slip, q) and L = s/(s, I). 

Theorem 1.1.15 A Lie superalgebra S = osp(m, 2n) cannot be decomposed 
into the sum of two proper simple subalgebras K and L of the type slip, l) an d 
slis, I), respectively. 

Proof. By Lemma 2.2(a), So = o(m)ffisp(2n). We define two projections m and 
7r 2 of 5o onto the ideals o(m) and sp(2n), w\ : So — > o(m) and 7r 2 : So — > sp(2n). 
Since if = slip, l) an d ^ — s K s i 0> it follows that K = s/(p) © s?(g) © t/ and 
L — sl(s)®sl(l)®U. Since if and Lo are reductive subalgebras, the projections 
TTiiK ), 7Ti(Lo)j ^2(^0) and 7r 2 (Xo) are also reductive as homomorphic images 
of reductive algebras. 

Since S = K + L, So is decomposable into the sum of two subalgebras K 
and Lo, So = K + L . Therefore, 7Ti(So) = ni(Ko) + ni(Lo) and ^(So) = 
^2(^0) + 7i"2(io) 5 where 7Ti(<So) = o(m) and 7r 2 (5o) = sp(2n). We have the 
decompositions of simple Lie algebras o(m) and sp(2n) into the sum of two 
reductive subalgebras. 

By Onichshik's Theorem, sp(2n) and o(m) cannot be decomposed into the 
sum of two subalgebras of this form. Therefore S = osp(m, 2n) cannot be 
decomposed into the sum of K = slip, l) an d L = slis, I) rj 
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1.1.6 Properties of subalgebras osp(p,2q) and osp(s,2l) in 
the decomposition 

We consider the decomposition of osp(m 7 2n) into the sum of two proper simple 
subalgebras K = osp(p, 2q) and L = osp(s, 21). 

Lemma 1.1.16 Let S be a Lie superalgebra of the type osp{m,2n), and S be 
decomposed into the sum of two proper simple subalgebras K and L of the type 
osp{p,2q) and osp(s,2l), respectively. Then two cases are possible: 

1. m = 4k and K = osp(4k — 1, 2n), L = osp(s, 2k) 

2. K = osp(p 1 2n), L = osp(m, 21) or K = osp(m, 2q), L = osp(s, 2n) 

Proof. 

By Lemma 2.2(a), So = o(m) © sp(2n). We define two projections tti and 
7r 2 of So onto the ideals o(m) and sp(2n) as follows tti : So — > o(m) and 7r 2 : 
So — > sp(2n). Since K = osp(p,2q) and L = osp(k,2l), it follows that K n = 
o(p) © sp(2q) and L = o(fc) © sp(2l). Both i4T and i are semisimplc. Hence 
-k 1 {Ko) 1 TTi(L ) 7 W2(Ko) and 7r2(io) are also semisimple as homomorphic images 
of semisimple algebras. 

Since S = K + L, So is decomposable into the sum of two subalgebras K 
and L , So = K Q + L Q . Therefore, tti(So) = ni(K ) + iri(L ) and ^(SVj) = 
^(Ko) +^2(Lo)- Moreover, iri(So) = o(m) and 7r 2 (5o) = sp(2n). Now we have 
the decompositions of simple Lie algebras o(m) and sp(2n) into the sum of two 
semisimple subalgebras. 

By Onichshik's Theorem, sp(2n) has no decompositions into the sum of two 
proper reductive subalgebras of these types. Hence sp(2n) = tt 2 (Ko) + tt 2 (-Lo) 
is a trivial decomposition and either tt 2 (K ) = sp(2n) or 7r 2 (X ) = sp(2n). 
Without any loss of generality, we assume that tt 2 (Ko) = sp(2n). Hence q = n. 

By Onichshik's Theorem, o(m) has two decompositions into the sum of two 
proper reductive subalgebras: 

1. If to = 2k then o{2k) = o(2k - 1) + sl(k), 

2. If to = 4fc then o(4fc) = o(4fc - 1) + sp(2k). 
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The decomposition o(m) = ^(ii'o) + ^i(Lo) cannot be of the first type, 
because tti(K ) and iri(L ) are not isomorphic to sl(k). 
Next the two cases occur: 

1. The decomposition o(m) = ir\(Ko) + 7Ti(L ) has the second form. 

2. The decomposition o(m) = ^(i^o) +7Ti(Xo) is trivial. 

In the first case either tti(K ) = o(4fc— 1) or tti(Kq) = sp(2k). Let 7r 1 (i^ ) — 
sp(2k). We have that 7r 2 (.Ko) = sp(2n). Hence iio = sp(2k) © sp(2n) or 
if = sp(2n). This contradicts the fact that -Ko — o(p) © sp(2q). Therefore 
7Ti(Ko) — °(4fc — I) and -k\{Lq) — sp(2k). Since if — o(jp) © sp(2q) and 
L = o(s) © sp(2Z) it follows that p — 4fc — 1 and Z = fc. 

In the second case either tti(Kq) = o(m) or 7Ti(Lo) = o(m). Let 7ri(_Ko) = 
o(m). Since ^(-Ko) = sp(2n) it follows that -Ko coincides with So- This con- 
tradicts the fact that K is proper subalgcbra of S. Therefore 7Ti(Lo) = o(m). 
Since L = o(s) © sp(2l) it follows that s — m. q 

Corollary 1.1.17 Let S = K + L and K = osp(4k - l,2n), L ^ osp(s,2k). 
Then L^-module V is a direct sum of two L -modules of type 2, V = V\ © V 2 . 
Moreover I2 acts trivially on V , and Ii-modules V\, V2 are standard. 

Proof. From the previous Lemma we know that in the decomposition o(4fc) = 
tti(Kq) + 7Ti(Lo) the first component isomorphic to o(4fc — 1) and the second 
one isomorphic to sp(2k). By Lemma 2.4, there exists a basis of V such that 
the decomposition o(4fc) = o(4fc — 1) + sp(2k) takes the matrix form (4). Hence 
7Ti(Lo) takes the form: 



where Y € sp(2k). 

Since I 2 acts trivially on V, we obtain that V = V\ © V2 and L - m °dules V\, 
V2 are of type 2 rj 




Corollary 1.1.18 Let S = K + L and K = osp(p, 2n), L = osp(m, 21). Then 
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L a -module V is irreducible of type 2. Moreover I 2 acts trivially on V, and 
Ii-modules V is standard. 

Proof. The proof follows from the fact that ni(L ) coincides with tti(Sq). 

1.1.7 Decompositions of osp(4k,2n) as the sum of 
osp(Ak — 1, 2q) and osp(s, 2k) 

In this section we consider the case when m = Ak and K = osp(Ak — l,2g), 
L = osp(s, 2k). Let L = h © I 2 where h = sp(2k) and 7 2 — o(s). 

Lemma 1.1.19 Let S = K + L where S ^ osp(4k, 2n), K = osp(4k - 1, 2n), 
L ^ osp(s,2k). 

(a) There is no jo £ {1 . . . d} such that for any i <G {1, 2}, TTij (Li) = . 

(b) There are no jo, ji € {1 . . .d} such that for some A € F, Qij a {x) — Xg i j 1 (x) 
where x e L\, i e {1, 2}. 

Proof. 

Let us assume the contrary, that is, there exist j , ji € {1 . . . d} such that 
for any i e {1 . . .r} and A e F, TTij (Li) — \TT i j 1 (Li). 

We choose a basis in from elements of subspaces Vi, i — 1 . . . r and Wj, 

j = 1 . . . d. Let us identify the elements form S with their matrix realizations 
in this basis. 

By Lemma 2.4, the tti{Sq) — tti(K ) + tti(L ) can be considered in the 
matrix form (4). Let (p be the automorphism of gl(4k,2n) defined in Lemma 
2.7. Then we obtain a new decomposition ip(S) = <p(K) + (p(L). Let S' = <p(S), 
K' = (p{K) and V = <p(L). 
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Acting in the same matter as in Lemma 2.7 we obtain that L\ has the 
following form: 

/ \ 



where Mj- 



\M' ih for any i e {1,2}. 






* 






















Since S' = K' + V , it follows that tt(S') = tt(K') + ir(L'). As shown 
in Lemma 2.7, the first columns of matrices from ir(S') are arbitrary vectors 
from F 2n , and the first columns of matrices from ir(K') are zero. Hence the first 
columns of matrices from ir(L') are arbitrary vectors from F 2n . This contradicts 



the fact that M[ jo = XM[ n 



□ 



Lemma 1.1.20 Let S = K + L where S = osp(4fc, 2n), K = osp(4k - 1, 2n), 
L = osp{s,2k). Then for any jo G {1 . . .d}, Lo-module Wj is neither of the 
type 1 nor type 2. 



Proof. 

We choose a basis in V ® W from elements of subspaces Vj, i = 1, 2 and Wj, 
j = 1 . . . d. In this basis L takes the form 

r / 



Y 




\ 




o -y* 















> 









> 



(12) 



where Zj is a matrix realization of L -module Wj 

Let us assume the contrary, L - m °dule Wj is either of the type 1 or type 
2. Hence I 2 acts trivially on Wj . By Corollary 2.17, I 2 acts trivially on V. 
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Therefore I2 has the form (12) where Zj = 0, Y = 0. Let L\ have the form: 







( 

n 
u 






< 




Mn 


M21 









V M ld 






has the form: 












( 






* 


< 












M11 


M21 









V ^ 


M 2d 





\ 1 



I) 



/ J 

where M/- o , i e {1, 2} is zero since M/- o = Z jo M ijo - M ijo = 0. On the other 
hand, by Lemma 2.2(d), [I2, L\] = L\. This contradicts the fact that, by Lemma 
2.19(a), there exists «o <E {1,2} such that M io j is not zero. rj 

Lemma 1.1.21 Let S = K + L where S = osp{Ak, 2n), K = osp{Ak - 1, In), 
L = osp(s, 2k). Then for any j G {1 . . . d}, L -module Wj is not of the type 4- 



Proof. 

Let us assume the contrary, that is, there exist jo such that L -module 
Wj is of the type 4. By Lemma 2.11, there exist subspaces Wj C Wj and 
W/ n C W J0 such that Wj is irreducible Ii-module, is irreducible / 2 -module 



Jo 
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artW j0 °iWl ®W?. 

First we show that dim W- g = 2k and dim W" = s. Since Wj Q is an 
irreducible sp(2fc)-modulc and W" is an irreducible o(s)-module, it follows 
that dimWj o > 2k and dimW^" > s, respectively. Without any loss of gen- 
erality, we assume that dim Wj o > 2k. Hence 2n = dimW > dimWj = 
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dim Wj dim W" Q > 2ks. Since dim Si < dimi^i + dimii, it follows that 
dimLi > dim Si — diml^i > 2nm — 2n(m — 1) = 2n > 2ks. This contra- 
dicts the fact that dimLi = 2ks since L = osp(s, 2k). Therefore dim Wj Q = 2k, 
dimW£ = s and W = W jo . If we denote W' J0 and W^ as W and W", then 
W = W® W". 

Next we identify W with W <g> W" . Let us fix the following basis for W: 
{e-<8>e"}, where {e-} is a basis of W and {e"} is a basis of W" . If we consider W 
as /i-module then it can be expressed as the direct sum of /i-modules W (g) eg: 

W = (W* <8> e?) © . . . © (W <g> eg). (13) 

Clearly the projection of Li onto V* <g)W is not zero. Therefore there exists 
io € {1,2} such that the projection of L\ onto V* ® W is not zero. Let us 
consider V* a ® W as Ii-module. From (13) we obtain that 

vs* ® w = ® (w ® e '/)) © . . . © ® ® o) 

where T^* ® (W ® eg) are also Ii-modules. The projection of Li onto V™ ® 
(W' ® eg) is not zero for some ko since the projection of L\ onto VJ* ® W is not 
zero. 

We consider Ix-module V* o ® (W'® eg ). By Corollary 2.17, /i -module Vi is 
standard. We have already proved that Ii-module W is standard with highest 
weight (1,0, ... ,0). Next we apply generalized Young tableaux technique (see 
|3]) to find irreducible submodules of /i-module (V^* ® W) ® eg Q . 

If g and are standard representations of sp(2k) (o(k)) with the same high- 
est weight (1, 0, . . . , 0) then the tensor product g ® g' is also a representation of 
sp(2k) (o(k)). It can be decomposed into the direct sum of irreducible repre- 
sentations: 

Q® Q 1 = Q!® Q2® Q3, (14) 

where £>i has highest weight (2,0,..., 0), Q2 has highest weight (0, 1, 0, . . . , 0) 
and g>3 is a trivial representation. 

Therefore Ii-module (V* a ® W) ® eg contains only submodules with high- 
est weights (2,0,..., 0) and (0, 1,0,..., 0). This contradicts the fact that, by 
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Lemma 2.2(e), 7i -module L\ has only standard irreducible submodulcs of di- 
mension 2k. rj 

Lemma 1.1.22 Let S = K + L where S = osp(4k, 2n), K = osp(4k - 1, 2n), 
L = osp(s,2k). If L -module Wj , jo € {1. ..d} is of the type 3 then I 2 -module 
Wj is standard. 

Proof. By Lemma 2.19, there exists i such that n io j (Li) ^ 0. We consider 
io-module V* Q ® Wj . By Lemma 2.9, since ii-module Vi and /2-niodule Wj 
are both irreducible, L -module V* Q ® Wj is irreducible. Therefore L -modulc 
n io j (Li) coincides with V io ® W* g since 7r ioJO (Li) 7^ {0}. By Lemma 2.2(b), 
L - m °dule Li is irreducible, dimLi = 2ks. Since n io j (Li) is irreducible L - 
module, dimension of ir io j (Li) is 2ks. On the other hand, we have 

(dim^ )(dimW, ) = dim(^* ® W^ ) = dim7r iojo (Li) = 2fcs. 

Since V^ is a nontrivial sp(2/c)-module and Wj is a nontrivial o(s)-module, 
dim Vi > 2k and dim Wj > s. Therefore dim Vi — 2k and dim Wj — s. 
Hence I2 -module Wj is standard. rj 

Lemma 1.1.23 Let S = K + L where S ^ osp(4k, 2n), K = osp(4k - 1, 2n), 
L = osp(s, 2k). Then for any j £ {1 . . . d}, L -module Wj is not of the type 3. 

Proof. 

We consider L - m odule W\@.. .®Wd- By Lemmas 2.20 and 2.21, L -niodulc 
Wj is not of the type 1, 2 and 4. Hence any L - m odulc Wj is of the type 3. By 
Lemma 2.22, L -module Wj has dimension s. Therefore dim Wj < dimW since 
s < 2n. It follows that W contains at least two Lo-modules W\ and W2 of type 
3. 

By Corollary 2.17, V is a direct sum of two ii-modules V\ and V2. We 
consider I\ © /2-module V{ ® W\. Without any loss of generality, -ku(Li) ^ 0. 

At first we prove that there exist A € F such that 012(2;) = \qu(x) for any 
x G Li (see section 2.2). If 7r 12 (£i) = {0} we choose A = 0. Let 7r 12 (£i) 7^ 0. 
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Since Lo-module L\ is irreducible, L - m odule L\ isomorphic to L -modules 
7Tn(Li) and 7Ti 2 (£i). Hence ttu(Li) and 7Ti2(£i) are isomorphic as L -modulcs. 
Therefore gn(Li) and pi2(£i) are also isomorphic as L -modules. By Schur's 
Lemma the only endomorphisms between these L -modules are scalars. Hence 
0i2{x) = ^Qu(x) for any x <E Li 

Next we prove that Q2i{L\) = {0} and £22 (£1) = {0}- 

Since I\ acts trivially on W\ and W2, I\ has the form: 




where 



Y 










where Y is a set of matrices defined in Lemma 2.4. 

Let (A) be associative enveloping algebra generated by all matrix from A. 
Since {Y} is an irreducible set and Y 7^ —Y l for some Y, it follows that (A) 
takes a matrix form 



Y' 








Y" 



where Y', Y" are arbitrary matrices of order 2k x 2k. 
Hence (A) contains the following matrix 



J 




Since 






* 


c 









* 


-CA 






we obtain that L\ contains a set of matrices 






* 


CJ 






(15) 
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where 



/ Cii \ 



CJ = 



\C sl J 

The subspace of L\ of the form (15) has dimension 2ks since C\\ can be any 
matrix of order s x 2k. On the other hand, dimLi = 2ks. Hence L\ has the 
form (15). 

Since 7T2i(£i) = {0} and ^22(^1) = {0}, it follows that Q2i{Li) — {0} 
and £22(^1) = {0}. Therefore £12(2;) = \qh(x) and £22(2;) = ^Q2i{x) for any 
x G L\. This contradicts Lemma 2.19. rj 



Corollary 1.1.24 ,4 Lie superalgebra S = osp(2k,2n) cannot be decomposed 
into the sum of two proper simple subalgebras K and L of the types osp{Ak—l, 2q) 
and osp(s,2k), respectively. 



Proof. The proof follows from the fact that for any j E {1 . . .d}, Lo-module 
Wj is not of the type 1, 2, 3 and 4. rj 



1.1.8 Decompositions of osp(m, In) as the sum of osp(p, 2n) 

and osp(m, 21) 

In this section we consider the case when S = K + L where £ = osp(m,2n), 
K = osp(p,2n) and L = osp(m,2l). Let Lq = I\ © ^2 where h — o(m) and 
/ 2 = sp(2l). 

In the following Lemma we show that one of two subalgebras K and L, for 
example L, does not contain io-module Wj of the type 1 and 2. 

Lemma 1.1.25 Let S = K + L where S = osp(m, 2n), K = osp(p, 2n) and L = 
osp(m, 21). Then, without any loss of generality, L -module Wj, j £ {1 . . . d} is 
neither of the type 1 nor 2. 



Proof. 
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We choose a basis in V® W from elements of sub-spaces V and Wj , j = 1 . . . d. 



In this basis L takes the form 

r / 



Y 






Zi 










z di 



\ ) 



(16) 



where Zj is a matrix realization of Lo-module Wj 

Let us assume the contrary, that is, there exists jo such that L - m °dule Wj 
is either of the type 1 or 2. Without any loss of generality, let jo = d. 

Hence I 2 acts trivially on W d . By Corollary (2.18), L 2 acts trivially on V. 
Therefore I2 has the form (16) where Zd = 0, Y = 0. Let L\ have the form: 



r / 






N u ... N ld 


M11 









M ld 





> . 



/J 



(17) 



Then [/2,^i] also has the form (17), where Mid and TVid are zero since 
Z d M ld - M ld = and OiVi^ - N ld Z d = 0. On the other hand, by Lemma 
2.2(d), [i2)£i] = L\. Therefore M ld and N ld are zero and L consists of the 
matrices with the last row and column are zero. 

Acting in the same manner as above, we obtain that K = osp(p, 2n) consists 
of the matrices with the first row and column are zero. This contradicts the 
fact that S = K + L. □ 

Lemma 1.1.26 Let S = K + L where S = osp(m,2n), K = osp(p,2n) and 
L = osp(m, 21). Then for any j G {1 . . . d}, Lo-module Wj is not of the type 4- 

Proof. 

The proof of this Lemma is similar to the proof of Lemma 2.21. 

Lemma 1.1.27 Let S = K + L where S = osp(m,2n), K = osp{p 1 2n) and 
L = osp(m, 21). If Lo-module Wj , jo € {1 . . . d} is of the type 3 then l^-module 
Wj is standard. 
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Proof. 

Without any loss of generality, we only consider the case jo = 1. 

First we show that 7Tn(Li) ^ {0}. Let us assume the contrary, that is, 
7Tii(ii) = {0}. Then L\ takes the form (17) where M\\ is zero. Hence [Li,Li] 
takes the form (16) where Z\ is zero. 

On the other hand, by Lemma 2.2(b), Lo = [Li,Li]. Hence Lq also have 
the form (16) where Z\ is zero. This contradicts the fact that L -module W\ is 
of the type 3. Therefore 7r 11 (L 1 ) ^ {0}. 

Next we consider Lo-module V{ <g) W\. By Lemma 2.9, Lo-module V{ ® W\ 
is irreducible since L-module V\ and /2-module W\ are irreducible. Therefore 
Lo-module iru(Li) coincides with V\ ® W* since iru(Li) 7^ 0. By Lemma 
2.2(b), L\ is an irreducible Lo-module of dimension 2ml. Therefore dimension 
of iru(Li) is equal to 2ml since iru(Li) is irreducible Lo-module. On the other 
hand, we have 

(dim Vi) (dimWi) = dim(^* <g> Wi) = dimTrn(Li) = 2ml. 

Since Vi is a nontrivial sp(m)-module and W\ is a nontrivial o(2Z)-module, 
it follows that dimVi > m and diml^i > 21. Therefore dimVi = m and 
dimVKi = 21. Hence J 2 -niodule Wj is standard. rj 

Lemma 1.1.28 Let S = K + L where S = osp(m 1 2n), K = osp{p,2n) and 
L = osp(m, 21). Then for any j S {1 . . . <i} ; Lo-module Wj is not of the type 3. 

Proof. 

We consider Lo-modules Wi © . . . © Wd- By Lemmas 2.25 and 2.26, Lo- 
module Wj is not of the type 1, 2 and 4. Hence any Lo-module Wj is of the 
type 3. Moreover, by Lemma 2.27, L -module Wj has dimension 21. Since 
since 21 < 2n, it follows that dimW^- < dimW^. Therefore W contains at least 
two L -modules W\ and W 2 of type 3. By Corollary 2.18, V is an irreducible 
L-module. We consider I± -^-module V{ ® W\. 
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At first we prove that there exist A <E F such that 012(2;) = Xgn(x) for any 
x e Li (see section 2.2). If ^12(^1) = {0} we choose A = 0. Let iri 2 (Li) 7^ 0. 
Since io-modulc L\ is irreducible, L - m odule L\ isomorphic to L -modules 
7Tn(Li) and 7112 (la). Hence 7Tn(Li) and 7712(^1) are isomorphic as Lcr m odules. 
Therefore Q\\{L\) and Q\ 2 {L\) are also isomorphic as i - m °dules. By Schur's 
Lemma, Qyi (x) = \Qn{x) for any x G L\ 

Hence the matrix realization of L\ has the form 





( 


N u N 12 ... N ld ^ 


1 




Afn 






< 


M12 





> 




V M ld 


J 


> 



where Mij is a matrix of order 21 x m, iVy is a matrix of order m x 21 and 
M12 = AM11. 

The commutator of any two matrices from L\ has the form: 



X 


. 


■ ) 


> 





Zn ■ 


■ Z\d 


> 





Zdi ■ 


■ Zdd J 


> 



where 7., , = M^N^ - M^Njj. 

We know that L -modules W\ and W 2 are of type 3. Hence there exist Zn 7^ 
and Z 22 7^ 0. Since Z n = M^N'^ - M^Nu and Z 22 = M 12 N' l2 - M[ 2 N 12 , 
it follows that there exist M n 7^ and M 12 ^ 0. Therefore A ^ 0. On the 
other hand, Z 21 = M 12 N^ - M[ 2 N n = X(M 11 N{ 1 - M[ X N X1 ) = XZ U . Hence 
Zi 2 = \Z\\ 7^ 0. This contradicts the fact that L has the form (16) where 
Zi^O. n 

Corollary 1.1.29 A Lie superalgebra S = osp(m,2n) cannot be decomposed 
into the sum of two proper simple subalgebras K and L of the type osp(p, 2n) 
and osp{m,2l), respectively. 
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Proof. The proof follows from the fact that for any j e {1 . . .d}, L - m °dulc 
Wj is not of the type 1, 2, 3 and 4. rj 

From Lemma 2.16 and Corollaries 2.24, 2.29, we obtain following theorem 

Theorem 1.1.30 A Lie superalgebra S = osp(2k,2n) cannot be decomposed 
into the sum of two proper simple subalgebras K and L of the type osp(p, 2q) 
and osp(s,2l), respectively. 

From Theorems 2.14,2.15 and 2.30 we obtain following Theorem: 

Theorem 1.1.31 Let S = osp(m, 2n) be a Lie superalgebra such that S = K+L 
where K, L are two proper basic simple subalgebras. Then m is even, m = 2k 
and K ^ osp(2k - 1, 2n), L ^ sl(k, n) . 
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